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Tables of the Roots of the 
Associated Legendre Function with 

Respect to the Degree 

By Helmut F. Bauer 

Abstract. Tables of the numerical value of the roots with respect to the degree of the Legendre 
functions of the first kind and thoseof the first derivative are presented. 

Determination of the Roots. In a large number of physical and engineering 
problems involving conical boundaries, the roots with respect to the degree of the 
associated Legendre function or those of its first derivative are of importance. Liquid 
oscillations in a conical container [1], wave propagation in conical horns [2], [3], heat 
and mass transport in conical systems [4], and many other problems require 
knowledge of these roots. For the associated Legendre function, as well as for its 
first derivative, there exists an infinite number of simple roots with respect to the 
degree. Some of these roots have been given by Pal [5] and later by Bauer [6], who 
presented better accuracy and found, in addition, that Pal did not detect for m > 1 
the lowest root with respect to the degree of the first derivative of the associated 
Legendre function. In the following tables (see the supplements section at the end of 
this issue), the roots of Pm(cos a) = 0 (Tables 1.1 through 1.35) and those of 
8PA /8a = 0 (Tables 2.1 through 2.35) are presented for integer m and given a, 
ranging from 50 in steps of 50 to 1750. From the representation of the associated 

Legendre function as a hypergeometric series, i.e., 

PM(cosa) = (-1) mr(m + x + 1) sinMa 2F1(1 + m + X, m - C, 1 + m; 2(1-cosa)) 

2mm!Ir(x - m + 1) 22 

one obtains, after introducing the hypergeometric function 2F1 as an infinite series, 
the equation 

(1)n=O n!(m + n)! ( 21 

for the determination of the zeros Xmn of P(m(cosa)= 0 (Tables 1.1-1.35). In this 
equation the Pochhammer symbol a)n = a(a + 1)(a + 2) ... (a + n - 1), (a)o = 1 
has been used. For the determination of the roots of the first derivative of the 
associated Legendre function 

d-[PM(cosa)] = 0 
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one obtains with the recurrence formula 

(1 - X2) dP~ = (XI + m)P 1(x) - X'XP (X) dx 
/X 

an equation of the form 

[t- m-XAcosa]+E m!(m + XA + 1)n1(m - XA + 1)n- *2n(a) 
(2) n=1 n! (n + in)!2 

x [(X'2 - M2)(M- X' + n) - X'(m - X')(m + n + X')cosa] = 0. 

(Tables 2.1-2.35) 

From these equations (1) and (2), the roots Xmn and Xmn have been obtained 
respectively for the above given values of a, where for each m = 0, 1, 2, 3, 4, 5 the 
first ten roots (n = 1, 2,. . ., 10) are presented. The roots have been obtained by the 
regula falsi method. The accuracy of the roots is 10-8, but they were rounded to four 
digits. Their value was always introduced into the function and led always to values 
of less than 10-10. 

It may be mentioned that reference [6] contains a bibliography of tables of 
Legendre functions, and that to these references more recent ones [7], [8], [9], should 
be added. 
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